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Abstract
For n positive numbers (ak, 1 ≤ k ≤ n), enhanced inequalities about the arithmetic mean
(An ≡
∑
k ak
n ) and the geometric mean (Gn ≡ n
√
Πkak) are found if some numbers are known,
namely,
Gn
An
≤ (n−
∑m
k=1 rk
n−m )
1−m
n (Πmk=1rk)
1
n ≤ 1 ,
if we know ak = Anrk (1 ≤ k ≤ m ≤ n) for instance, and
Gn
An
≤ 1
(1− mn )Πmk=1r
−1
n−m
k +
1
n
∑m
k=1 rk
≤ 1 ,
if we know ak = Gnrk (1 ≤ k ≤ m ≤ n) for instance. These bounds are better than those derived
from S. H. Tung’s work [1].
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I. INTRODUCTION
Let a1, a2, . . . , an denote n positive numbers. Let An be their arithmetic mean,
∑
k ak
n
,
and Gn be their geometric mean,
n
√
Πkak. We shall prove the following inequalities.
Gn
An
≤ (n−
∑m
k=1 rk
n−m )
1−m
n (Πmk=1rk)
1
n ≤ 1 . (1)
if we know ak = Anrk (1 ≤ k ≤ m ≤ n) for instance.
Gn
An
≤ 1
(1− m
n
)Πmk=1r
−1
n−m
k +
1
n
∑m
k=1 rk
≤ 1 (2)
if we know ak = Gnrk (1 ≤ k ≤ m ≤ n) for instance.
S. H. Tung [1] obtained the following lower bound for An − Gn in terms of the smallest
value, a, and the largest value, A.
An −Gn ≥ (
√
A−√a)2
n
. (3)
We will see that our results are better than this bound.
II. PROOF OF THE INEQUALITIES
Suppose we know the first m numbers, a1, a2, . . . , am. We can construct the following
inequality.
m∑
k=1
λn−mk ak +
1
Πmi=1λi
n∑
k=m+1
ak (4)
=
m∑
k=1
(λn−mk −
1
Πmi=1λi
)ak +
1
Πmi=1λi
n∑
k=1
ak (5)
≥n n
√
Πkak (6)
Suppose we know ak = Anrk (k = 1, 2, . . . ,m). Inserting them into Eq. 5, we obtain an
upper bound of Gn/An as a function of λ1, λ2, . . . , λm.
Gn
An
≤ 1
n
m∑
k=1
λn−mk rk +
1
Πmk=1λk
n−∑mk=1 rk
n
≡ f(λ1, λ2, . . . , λm) . (7)
∂f
∂λi
= 0 (i = 1, 2, . . . ,m) gives the best choice, namely,
λi =
(
n−∑mk=1 rk
n−m Π
m
k=1r
1
n−m
k
) 1
n
r
−1
n−m
i , (i = 1, 2, . . . ,m) (8)
2
and hence the bound in Ineq. 1.
Similarly suppose we know ak = Gnrk (k = 1, 2, . . . ,m). Inserting them into Eq. 5, we
obtain an upper bound of Gn/An as a function of λ1, λ2, . . . , λm.
Gn
An
≤ 1
Πmk=1λk(1− 1n
∑m
k=1 rkλ
n−m
k ) +
1
n
∑m
k=1 rk
≡ g(λ1, λ2, . . . , λm) . (9)
∂f
∂λi
= 0 (i = 1, 2, . . . ,m) gives the best choice, namely,
λi = r
−1
n−m
i , (i = 1, 2, . . . ,m) (10)
and hence the bound in Ineq. 2.
For comparison, Tung’s inequality can be written into the following form,
Gn
An
≤ 1− 1
n
(
√
r1 −√r2)2 , (11)
if we know A = Anr1 and a = Anr2 with 0 < r2 ≤ 1 ≤ r1 ≤ n− r2, or
Gn
An
≤ 1
1 + 1
n
(
√
r1 −√r2)2 , (12)
if we know A = Gnr1 and a = Gnr2 with 0 < r2 ≤ 1 ≤ r1. We can show that our results are
better than these bounds using simple calculus. For illustration, different upper bounds of
Gn/An as a function of r2 with r1 = 5 and n = 10 are compared in Fig. 1.
[1] S. H. Tung, Mathematics of computation, Vol. 29, No. 131, pages 834-836, 1975
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FIG. 1. Comparison of different upper bounds of Gn/An as a function of r2 for r1 = 5 and
n = 5. The left diagram correponds to the case of A = Anr1 and a = Anr2 while the right
diagram corresponds to the case of A = Gnr1 and a = Gnr2. The results derived from Ref. [1] are
represented by the red-dashed curves (namely, Ineq. 11 and 12. The black curves represent our
results (namely, Ineq. 1 and 2).
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